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1. Introduction and summary 

String theory compactifications in the presence of fluxes possess a number of phenomenologically 
attractive features, a fact which has led to their intensive study in recent years. String theory is 
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approximated in the low-energy effective-theory limit by supergravity and in many situations of phys- 
ical interest it has proven extremely fruitful to study the properties of supersymmetric supergravity 
solutions. The presence of some amount of unbroken supersymmetry above a certain low (compared 
to the Planck mass) energy scale is desirable, if one wishes to avoid issues of stability. 

The subject of supersymmetric supergravity compactifications with fluxes is a particularly old one. 
Nevertheless, it has only recently been realized (starting with [Qj; see § for a recent review and 
references) that the machinery of G-structures can be a powerful tool in classifying and constructing 
supergravity solutions. From this point of view, a G-structure is the natural generalization of the 
concept of special holonomy to the case where nontrivial fluxes, i.e. nonzero vevs of the antisymmetric 
tensor fields, are present. 

In H we presented a classification of M = 1 supersymmetric solutions of IIA supergravity of the 
form of a warped product AdS^ Xq, where Xq is a six-dimensional compact manifold of SU(3) 
structure, generalizing the work of g||. The manifold Xq was constrained to be 'half-flat' of a certain 
type. For further related work on IIA compactifications from the point of view of the four-dimensional 
effective field theory see H 0, || || [U], Type IIA compactifications have also been considered 
in the context of G-structures in |l3|, |l^, [H], |l7| . The recent paper |l8| analyzes type II Af = 1 
supersymmetry using the concept of generalized G-structures -we will come back to this in the next 
paragraph. Supersymmetric AdS^ solutions are of additional interest as they are expected to be dual 
to certain three-dimensional superconformal field theories [19, 20]. 



As will be explained in the following, for the backgrounds considered here jV = 1 supersymmetry 
implies that the Majorana-Weyl supersymmetry parameter e is of the form 

e = 9 + (g> (0771+ + Srj2-) + c.c. , (1.1) 

where a, 5, are functions on Xq, rji + (772-) is a globally-defined, chiral (antichiral) unimodular spinor 
(and therefore nowhere-vanishing) on Xq and 9 is a Killing spinor of Mi a 1 . The existence of r]i 
implies that the structure group of Xq is reduced to SU(3). If in addition 771,2 are nowhere-parallel, 
the structure group is further reduced to SU(2). Relaxing the condition that 771,2 should be linearly- 
independent everywhere on Xq would lead to a situation which can be thought of as a so-called 
'generalized SU(3) structure' on Xq |l|, [L6|, [2^, |l|, [12|: at generic points in Xq the two SU (3) 



structures associated with each of the two internal spinors have a common subgroup, which defines an 
SU(2) structure on Xq. However, at the points where the two spinors become parallel the structure 
group collapses to SU(3). 

Supersymmetric vacua on manifolds of SU{2) structure restrict the choice for the fluxes similar to their 
5C/(3)-structure counterparts. In addition, the requirement of an SU(2) structure imposes a strong 
constraint on the internal manifold 2 and one may hope that a classification can proceed much more 
explicitly in this case. However the situation is much more difficult to analyze in practice, and this 



1 7)1,2+ are related to 771,2- by complex conjugation. Equation ([Hi]) represents one linear combination of 771,2 and 
corresponds to J\f = 1 in d = 4. 

2 A necessary and sufficient condition for the structure group of a manifold Xq of SU(3) structure to further reduce to 
SU(2), is the existence of a globally-defined nowhere- vanishing vector field on X§. This is equivalent to the requirement 
that the Euler characteristic vanish, xiX-s) = 0. 



-2- 



subject has received much less attention in the literature, because of the multitude of flux-components 
which arise in decomposing the supergravity fields in terms of irreducible SU(2) representations. 

In the present paper we examine J\f = 1 supersymmetric type IIA vacua in the case where Xq is a 
compact manifold of SU(2) structure. In [|| we considered the case rji =772- Here we will consider the 
other 'extreme' case where 771,2 are everywhere orthogonal 3 . In addition, we look for solutions with 
nonzero Romans' mass. We reformulate the supersymmetry conditions in terms of SU (2) structures 
in section [| In search for explicit solutions we make some further simplifying assumptions; namely, 
we set all nonscalar (in the sense of irreducible SU(2) representations) fluxes to zero and we take the 
dilaton to be constant. This is a consistent truncation which, however, turns out to be too stringent: 
as we will see there do not exist any supersymmetric vacua of this type. 



A related jV = 1 type IIA vacuum was constructed in || . In that case the manifold Xq was taken to be 
conformally R G and therefore noncompact, allowing for non-constant harmonic functions. Taking Xq 
to be T 6 instead in the solution of ||, would imply that the warp factors and the dilaton are constant 
and that the Romans' mass and all the fluxes are zero. The solution would therefore degenerate to 
R 1 ' 3 x T 6 , in agreement with our conclusion above. Type IIA supersymmetric compactifications to 
Minkowski space on manifolds of SU(2) structure have also been considered in ||15j| . However, all 
ten-dimensional vacua in that paper arise upon reduction of eleven-dimensional supergravity solutions 
and are therefore unrelated to the present work 4 . 

In section || we proceed to examine the case of Af = 2 supersymmetric (warped) AdS± vacua. Rather 
than considering the most general spinor Ansatz, we will take the two Majorana-Weyl supersymmetry 
parameters ei 2 to be of the form 

ei = 6 + <g) (ar/i + + /?r/i_) + c.c. 

e 2 = e+ ® (7772+ + 5r] 2 -) + c.c. , (1.2) 

where a, (3, 7, 8, are functions on Xq and 771,2 are globally-defined, unimodular spinors on Xq. In 
addition we take 7712 to be orthogonal to each other. Requiring Mi,3 to be AdS^ implies a = ft, 7 = 8. 
As we show in section [|, this requirement is again too stringent and in fact there do not exist any 
J\f = 2 IIA vacua of this type. 

Note that for an admissible vacuum, except for the supersymmetry conditions we also require the su- 
pergravity equations of motion and the Bianchi identities for the forms to be satisfied. More generally, 
the no-go theorems of this paper could be by-passed by introducing additional sources, for example 
orientifolds, which would modify the equations-of-motion. Alternatively one may consider singular 
and/or noncompact 'internal' manifolds, higher-order stringy corrections, etc. We also emphasize 
that, due to the technical complexity of the task, we have not been able to analyze the most general 
spinor Ansatz leading to SU(2) structures. We hope to report on that in the future. 

The outline of the remainder of the paper is as follows: In the next section we review some useful 
facts about (Romans') IIA supergravity. Our Ansatz for the ten-dimensional M = 1 background and 



3 This is more restrictive than requiring that 7)1,2 in (1.1) be nowhere-parallel. 

4 Recall that for nonzero mass parameter, as is the case here, Romans' supergravity has no Poincare-invariant lift to 



eleven dimensions; see [E4l for a recent discussion. 
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the corresponding reduction of the super symmetry conditions are considered in section ||. Section ^| 
contains a brief review of SU(3) and SU (2) structures in six dimensions. The main analysis of our 
Ansatz for M = 1 supersymmetric vacua is contained in section |H[ Section |6| contains the analysis of 
our N = 2 Ansatz. Most of the technical details and some further useful formulae are relegated to the 
four appendices. 



2. Massive II A 



For the sake of completeness, in this section we note some known facts about Romans' ten-dimensional 
supergravity. Our notation and conventions are as in Q to which the reader is referred for further 
details. 

The equations of motion for the bosonic fields of massive IIA supergravity are [EjJ 
= Rmn - -Vji^V^ - ^ 2 G M pqrG n pqr + ^ H2 9mnG 2 



12 



m 2 o^/ 9 , . sQ m 2 



2m e r/ B MP B N + — e Vl guN\o ) Vl qmn 



= V" 



96 12 



3m z 



e 30/2 (B /)2 _ 5m 2 e 50/2 



= d( e -^ * H) — AG + 2m e^^B' A*G + 4m 2 e 3< ^ /2 * S' 
= d(e^ 2 * G) - H A G . 

In addition, the forms obey the Bianchi identities 

dB' = H 
dH = 

dG = 2mB' A H . 



(2.1) 
(2.2) 

(2.3) 
(2.4) 



(2.5) 



To make contact with the massless IIA supergravity of p6|, 27, 28] one introduces a Stiickelberg gauge 
potential A, with field strength F = dA, so that 



mB' = mB + -F . 

2 



(2.6) 



In the massless limit, m — ► 0, we have mB' 



±F 



S up er sy mmet ry 

The gravitino and dilatino supersymmetry variations read 

S^ M = V M e 



(2.7) 
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and 



r 1 M 5me^ 3m^ , MJV 
- | - 2 1 Vm ^ 4 1 § MN 1 11 



H — ^^-^MArpr MArp rn - -^GmnpqT mnfq \e , (2.8) 



where 



% ■- Vm 77 1m ™ o np {\m -140m 1 Jill 

I lb 32 

+ ^H NPQ F M NP * - 95 M N T p Q)T u + ^G NPQR (T M Np Q R - ^8 M N T^ R )} . (2.9) 
One can transform to the string frame by rescaling eA M —> e^^&A M ■ 
Integrability 

It was shown in || that imposing supersymmetry together with the equations of motion for the forms 
implies the dilaton equation and the Einstein equation Emn = 0, provided Emo = for M / 5 . 



3. Af — 1 M 1>3 x w X e backgrounds 

Let us now assume that spacetime is of the form of a warped product Ml 3 x w Xq, where Ml 3 is 
Minkowski or AdS^ and Xq is a compact manifold. The ten dimensional metric reads 

/ A 2 (y)^,(x) \ 
gMN{x,y) = , (3.1) 

V Pmn(y) J 

where a; is a coordinate on Ml 3 and y is a coordinate on Xq. We will also assume that the forms have 
nonzero y-dependent components along the internal directions, except for the four-form which will be 
allowed to have an additional component proportional to the volume of M13 

GWa = \Z(hf(y)E l j,isK\ , (3.2) 

where / is a real scalar function on Xq. Note that with these assumptions the Emo = for M/0 
condition is satisfied, and therefore we need only check supersymmetry the Bianchi identities and the 
equations of motion for the forms. 

3.1 Massive J\f = 1 vacua and SU{2) structure 

On Mi ; 3 there is a pair of Weyl spinors (related by complex conjugation), each of which satisfies the 
Killing equation 

= w%e- ; v M 0_ = w*%e+ , (3.3) 



5 Similar integrability conditions were derived in in the context of eleven-dimensional supergravity. See 

also [B2[ for a recent general discussion. 
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where hatted quantities are computed using the metric g^ v , and the complex constant W is related to 
the scalar curvature R of through R = — 2A\W\ 2 . The reader is referred to || for further details 
on our spinor conventions in four, six, ten dimensions. 



It can been shown (see for example [18] for a recent discussion) that the requirement of M = 1 
supersymmetry 6 implies that the Majorana-Weyl supersymmetry parameter e is decomposed under 
Spin(l,9) — > Spin(l,3) x Spin(6) as 

e = a{y)6 + ® r, 1+ + 6(y)0+ <8> rj 2 - + c.c. , (3.4) 

where a, 5, are complex functions on Xq and rji 2 is a pair of globally-defined, nowhere-vanishing 
Weyl spinors on Xq. Moreover, 771,2- are related to 7/1,2+ by complex conjugation. Without loss of 
generality, we can choose 771,2 to be of unit norm. In keeping with four-dimensional supersymmetry 
nomenclature, we take 6 (7/1,2) to be anticommuting (commuting). 

There are three cases according to the relation between 7/1 and 7/2: a) 7/2 is everywhere parallel to iji 
and Xq is of SU (3) structure, b) 7/2 is nowhere parallel to 7/1 and Xq is of SU (2) structure, or c) at 
generic points in Xq 771,2 are linearly independent, but there exist points where 772 becomes parallel to 
771. The latter case imposes no additional topological requirement on Xq other than that its structure 
group should reduce to 577(3). 

In the present paper we will take 772 to be everywhere orthogonal to 771: 7/2^7/1+ = 0. This is a special 
sub-case of b) above and therefore Xq must be a manifold of SU(2) structure. As we will see later 
in section [|, requiring in addition that the Romans' mass be nonzero implies that up to a choice of 
phase which can be absorbed in the normalization of the spinors 771,2, 

\a\ = a = 5 . (3-5) 
3.2 Reduction of the supersymmetry conditions 

Substituting the spinor Ansatz ( |3.4 ) in the supersymmetry transformations we obtain 

e -0/2 me 5 */ 4 
= aV rn r] 1+ + d m ar] 1+ + a——H npq (-f m npq - 95 m n ~/ pq )r] 1+ - 5 — — — 7 m 7/ 2 - 

96 16 



e 0/4 me 3 */ 4 
-e*/ 4 , _ 20 



+ 3 7:5/^ r7m 7/2_ + 5^^B' np { lm np - U5 m n 7 P)m- 



+ S^G npqr ( lm ^ r - -5 m n Y qT )m- (3.6) 

e~*/ 2 me 5 */ 4 
= 8*V mV2+ + cW*7/2+ - 6*——H npq ( lm n ™ - 95 m n Y q )m+ + oc*—— lm m- 

9b 16 



e*/ 4 me 3 */ 4 
+ 3iaV-32-7m%- + <** ^-B' np { lm np - 145 m 



This corresponds to four real supercharges; in the present paper we are counting supersymmetries according to 
four-dimensional conventions. 
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from the 'internal' components of the gravitino variation and 



= a/\- l W m+ + S*—— V2+ - 5i5*f— m+ - 6*——B' mn7 mn m+ 

lb 62 62 

+ a * H mnpl mn P m _ - 5*—G mnpql mn ™ m+ - -a*0 m (lnA) 7 m r ?1 _ (3.8) 



96 y 1 ' 256 FH ' 2 

me 5 */ 4 r . p*/ 4 me*,,, 

' T^ ??1+ + W l2- r?1++a ^2- * 



= 5*A- 1 iy> 2+ + m+ + 5iaf— Vl+ + B' mnl mn Vl+ 

+ 8—H mnv ~r* m - - a—G mnpql mnp o m+ + -5a m (lnA) 7 m r /2 _ , (3.9) 
from the noncompact piece. Note that these equations are complex. Similarly from the dilatino we 



obtain 



1 p-<t>/ 2 5777P 5 */ 4 

= ~a*d m <frf m m - - a *—H mnpl mn ^ - S*^^ m+ 

p*/ 4 6m p 3 */ 4 p*/ 4 

+ i6*f-^m+ - 6*^^B' mnl mn V2+ - 6*^G mnpql ™™ m+ (3.10) 

1 P -4>/ 2 Rmp 5 */ 4 
= -bd m W n m~ + 5—H mnp7 mn P m . + a m + 

p*/ 4 Swp 3 */ 4 p*/ 4 

+ ia/— 771+ - a— g— ^7^+ + a— G mnM 7 mrw r/i+ ■ ( 3 - n ) 



4. £77(2) reduction 



The analysis of the conditions for a supersymmetric vacuum and the characterization of the solutions 
is greatly facilitated by using the machinery of G-structures . The existence of two globally-defined 
nowhere- vanishing orthogonal spinors 771,2, as is the case here, implies the reduction of the structure 
group of Xq to SU(2). This allows us to decompose all tensors on Xq in terms of irreducible SU(2) 
representations. In the following two subsections we review some of the relevant facts about SU(6) 
and SU(2) structures, before we turn to the analysis of the conditions for an N = 1 supersymmetric 
vacuum in section & The details of the 577(2) decomposition of the antisymmetric forms of IIA 
supergravity and the 577(2) decomposition of the supersymmetry conditions are given in appendices 
[5] respectively. 

4.1 577(3) structure 

The existence of a nowhere- vanishing globally-defined spinor 771 allows us to define the bilinears 

Jmn ■= iVl-lmnVl- = -«?7l + 7mn?7l+ (4.1) 
^■mnp '• = V\—1mnpf]l+\ ^mnp = Vl+lmnpfll— ■ (4-2) 

Note that J mn thus defined is real and ft (O*) is imaginary (anti-) self-dual. 

^rrinp — 77 \^ P% ^mnpijk^ ' ^ • (43) 
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We choose to normalize 

V1+V1+ = V1-V1- = 1 • ( 4 - 4 ) 
Using ( |A.1| ) one can prove that J, $7 satisfy 

Jm Jr? = $m (4-5) 

(H ) m Qnpq — ^mpqi (II ) m f^pg — , (4-6) 

where 

{U±) m n :=-{5 m n TiJ m n ) (4.7) 

are the projection operators onto the holomorphic/antiholomorphic parts. In other words, J defines 
an almost complex structure with respect to which Q is (3,0). Moreover (using ( |A.1| ) again) it follows 
that 

ft A J = 

fiAfi* = ^J 3 . (4.8) 

Therefore J, Q, completely specify an SU(3) structure on Xq. 
Further useful relations can be found in ||]. 

4.2 577(2) structure 

The existence of two orthogonal unimodular globally-defined spinors rji, 7/2 on Xq allows us to define 
two distinct SU (3) structures 

Jmn • — iVl — ^mnVl— > ^rnnp • — ??i_7«mp^/l+ (4.9) 

and 

J 'mn : = ivt-lmnm-] ^'mnp : = ^-7mnp%+ • (4.10) 

Each of these satisfies all the properties of SU(3) structures given in the preceding section. It can be 
shown, using the above definitions and the Fierz identities in appendix |A], that 

J = -^K A K* + J 

J' = ~KAK*-J, (4.11) 

where 

K m := r?2_7m?7l+ (4-12) 

and 

l k J = 0. (4.13) 
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The complex vector K satisfies 

K m K m = 0; K* m K m = 2 (4.14) 

and is holomorphic with respect to J, 

(U + ) m n K n = K m ; (TT) m n K n = . (4.15) 

It follows that the two- form J is (1, 1) with respect to the almost complex structure J. 
The two holomorphic three-forms can be expressed in the following way 

VL = —iK A u 

O' = iK A uj* , (4.16) 

where 

Umn ■= vnt-lmrrm- ( 4 -!7) 

satisfies 

ikcj = lk*oj = (4-18) 

and is holomorphic with respect to J, 

{Ii + ) m n uj np = oj mp ; (U-) m n uj np = . (4.19) 

It is straightforward to show that J, uj specify an SU (2) structure. Indeed, it follows from the above 
formula? that 

JAw = 

wAw* = 2JAJ. (4.20) 
The complex vector K specifies an almost product structure 

R m n := K m K* n + K* m K n - 5 m n , (4.21) 

such that 

R m n Rn P = 5 m p ■ (4.22) 
Further useful relations are given in appendix [B|. 

5. Analysis of the conditions 



To analyze the supersymmetry conditions of section 3.2 it is useful to note that equations ( |3.6| , 3.7) 
can be cast in the form 

U m rj 1+ + f/ m n7 n m- = , (5.1) 
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whereas equations (3j|l 



3.11 ) can be written as 



V Vl+ + V m l m r]x- = 



(5.2) 



The explicit expressions for the U'a and V's can be read off from the expressions in appendix The 
tensors U, V further decompose into directions parallel and perpendicular to the complex vector K 



defined in 4.2. The components perpendicular to K are further decomposed in terms of irreducible 
SU{2) representations. The details of the decomposition are given in appendix |C|. To illustrate the 
procedure, let us decompose 



\ it: 



v m + vK n 



(5.3) 



where K m v r 



K* m v r , 



0. 



We also noted that in the decomposition of V m there are no terms 
proportional to K^, due to A.7 . It follows that the scalar content of (|5^ ) is equivalent to: 



V = v = . 



(5.4) 



We proceed similarly for all other representations. 



Let us consider the scalar component of the supersymmetry equations first. It is straightforward 
to show that if there exists a point yo in Xq such that |a(yo)| 7^ |^(?/o)|, equations (|3T8 - 3.11 ) imply 
that m = W = 0. I.e. the mass parameter vanishes and the space M\ t $ reduces to Minkowski. We 
would like to look for massive solutions of IIA and hence, up to phases which can be absorbed in the 
normalizations of r/i 2 we can take: 



a 



a 



(5.5) 



at each point in X$. Let us first analyze the supersymmetry equations ( p.q - |3.1l| ), considering each 
irreducible SU(2) representation in turn. The decompositions of all antisymmetric tensors in terms 
of irreducible SU(2) representations can be found in appendix |C|. One can show that the solution is 
equivalent to the following conditions: 



The 1 



/ = 

lf = ^(me 3 ^ + ^), (5.6) 



mb\ = 

= % -{d K ^ - d K «<f>„) , (5.7) 



where d K := K m d m , d K * ■= K* m d m and <j>± := <f> ± 41nA. Also 



e^ 4 <7! = 16(me 5 */ 4 + \d K 4>- + \d K *4>-) 



93 = , (5.8) 
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-.92 



~^ 2 h 3 = 12i(me 5 ^ 4 + \d K <t>- + -d K * 

o 4 



(5.9) 



The 2 



<9 + lnA = -<9 H 



me 



3</>/4 



■>m "in 



e^4 
"64 



"02r. 



(5.10) 



where d m is defined in ( D.15| ) and := (II ± ) m n (9 n . Moreover 



«/4 



me 3 ^ 4 6 2m = -me 3 ^ 4 6 lm - — <"(9i„ - , 



: ; !2 



(5.11) 



e w 2 /ii m = — — (g lm - g* 2m ) 



2m 



-M^2uj m n d~(f> + 3me 3 ^ 4 b 



lm + ^- W m n (-S'ln _ 52n) j 



(5.12) 



The 3 



This representation drops out of equations (j~TS- 3.ll 



Next we turn to the equations ( p.6| , p7^ ). The fact that 771,2 are unimodular implies V(r]^r]i) 
V (172*772) = which, taking (|3.6| , |3.7f ) into account, can be seen to be equivalent to 



and 



a 



constant x A l l 2 . 



(5.13) 



In addition, the orthogonality of 771,2 implies ^(77^772) = which, taking (3.6,3.7) into account, leads 
to the condition 



h\ = h* 2 



3<£/4 



-92 



(5.14) 



Comparing with (5.9, 5.6) we conclude that m.62 = ie ^ 2 5s/12 and W = 0. Note that the 2 repre- 
sentation drops out of the orthogonality constraints. 

To summarize the conditions so far: 



f,W = 



(5.15) 
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In addition, in form notation, 



mB' 



im 



1 



4 Im(6£) + Jl e -*/3(ft-S5) 



mb 



-30/4 



-J Im(d^:<; 



+ 



A K + c.c. 

0/2 



.is 



=30/4 



if 



G 



^{^ + ^Im( W52 *)+3^/ 2 J 



me 



5 ^/ 4 + + \d K * 



AK + c.c. 



=30/4 

~16~~ 



3e 50/4 e 30/4 i 



8 



,, 2 (-Si+^U A^TAiT 



-0/4 



-Re(d 



J A J 



i 

32 



{(51-52) A J A K + c.c. I 



12 L' 



g + -Re(u>0£ 



AK AK* 



(5.16) 



where we have defined 6' lm := wj^ n 6i n . The differential equations ( |3.6| , |3~7| ) determine the specific 
SU{2) structure of Xq and impose further constraints. In order to search for explicit solutions we will 
now make some simplifying assumptions. Namely, we will assume that only scalar fluxes are present 
(i.e. only the 1 components of the form fields are nonzero) and that the dilaton is constant 7 . We use 
( |3.6| , [O]) to read off the exterior derivatives on £1, J and K: 

dfl = -i(mu + %-J) AK AK* + —J A J 
48 12 

1 



dJ = -—Re(u;g* 2 ) ARe(K) 
dK = mK A K* + ^Re(c^) . 



(5.17) 



Moreover, we can read off the action of the exterior derivative on the SU(2) structure 

dJ = 

dw = || J AK* . (5.18) 
48 

Combining all the above, we note that the nilpotency of the exterior derivative d 2 = implies 

92 = . (5.19) 

It is now straightforward to see that the Bianchi identities imply that all fluxes are zero and m = 0, 
contrary to our assumption. We therefore conclude that there are no solutions obeying our simplified 
Ansatz. 



6. J\f = 2 AdS± vacua and SU(2) structure 



In this section we will search for J\f = 2 supersymmetric vacua of the type AdS^ X§. In order to 
simplify the computation, we will not consider the most general spinor Ansatz. Instead we demand 
that the background be invariant under two supersymmetries of the form 

ei = a{y)6 + ® rj 1+ + 0(y)6+ <8> m~ + cc. , (6.1) 
7 In the remainder of this section we will absorb all dilaton dependence by a field redefinition of the forms. 
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and 



£2 = i{y)0+ &> V2+ + 5{y)6+ ® m- + c - c - , (6-2) 

where a, /3, 7, 5, are complex functions on Xq and 771 2 are globally-defined, unimodular spinors on Xq. 
In addition we will take 771,2 to be orthogonal to each other. Consequently, Xq must be a manifold of 



SU(2) structure. As we will see later in section 3.2, under these assumptions supersymmetry implies 



that up to a choice of phase which can be absorbed in the normalizations of the spinors 771,2, 

a = 

7 = 5. (6.3) 
6.1 Reduction of the supersymmetry conditions 

Substituting the spinor Ansatz ( |6.1| ) in the supersymmetry transformations we obtain 

= aV m r] 1+ + d m ar] 1+ + a——H npq (-f m npq - 9<5 m n 7 P9 )r ? i + - j3 ImVi- 

9b lb 

„0/4 mp 34>/4: 

+ ^G npqr ( lm n ^ r - ^S m n ^)Vi- (6-4) 

p -<p/2 mp 5<t>/4: 

= (3*V mVl+ + d m (3* m+ - (3*——H npq (rf m n ™ - 95^1)^1+ + «* — — 7mW- 

9b lb 

>/4 mp 3</>/4 

+ 3ia*/— 7^1- + a*^-^ p ( 7m np - 14* m V)»7l- 

- «*^G w (7 m ^ r - ™5 m n Y qr )m- , (6.5) 
from the 'internal' components of the gravitino variation and 

mp 5^/4 0/4 mp 30/4 

= aA- 1 ^^ + P*—^m + ~ 5i/3*f— Vl+ - p*—— B ' mnl mn m+ 

e -0/2 e 0/4 1 

+ a*^g-i? mnp7 mTip m- " P*^G mnpql mn ^ Vl+ - -a*a m (lnA) 7 m 7 ?1 _ (b.b) 

= /3*A -1 W*?7i + + a— — - 77 1+ + 5iaf— m+ + a— — B' mnl ™ m+ 

lb 32 32 

e -0/2 >/4 1 

+ ^-gg-^mn P 7 mnp r?i- - a—G mnpql mn ™ m+ + -/35 m (lnA) 7 m r /1 _ , (6.7) 
from the noncompact piece. Note that these equations are complex. Similarly from the dilatino we 
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obtain 



i tr TO „5<^/4 

: ~a*d m ch m m- ~ of—H^™?^ " /r—^ m+ 

P 4>/4 3™ ,=30/4 p^/ 4 

i(3*f— m+ - / 3*_ § _^ n7 ^ry 1+ - /F— G^ 7 mnp Vf (6.8) 

1 r 5<j>/4: 

: -Pdn^m- + P^-Hmnpl™^- + a^^7? 1+ 

P 0/4 ^rrip3</i/4 0/4 

ia/-g-»?i+ " a^^^„7 m ^i+ + a^gj G WWIM 7 ronw ^+ • (6-9) 



A second set of conditions follows from the second supersymmetry ( |6.2[ ). These can be obtained from 
the ones above by substituting (a,/3, r/i) — ► (7,5,7/2). 

6.2 Analysis of the conditions 

Let us consider the scalar component of the supersymmetry equations first. It is straightforward to 
show that if there exists a point yo in X 6 such that |a(yo)| \P(yo)\ 01 h(Uo)\ \^(yo)\i equations ( |6.6 r 
|67g| ) (and the ones obtained from them by substituting (a, f3, rji) — > (7, 5, 772)) imply that m, f, W = 
0. I.e. the space Mi 3 reduces to Minkowski, which is contrary to our assumption. Hence, up to phases 
which can be absorbed in the normalizations of 77^2 we can take: 

a = [5 

7 = 5, (6.10) 



at each point in Xq. Taking ( 6.10 ) into account, it is useful to note that the supersymmetry conditions 
( |(j.4 |6.5| ), as well as the ones obtained from them by substituting (a, 7/1) — ► (7, 772), are equivalent to 
the following set of equations: 

e 0/4 me 3 */ 4 

= V m Vi+ + d m ln\a\Vi+ + 3*7— 7m»7l- + — ^— B' np { lm np - U5 m n Y)Vi- (6-11) 

= d m ln( — ) m+ + H npq ( lm ^ - 95 m n ^) m+ - — — 7m 7 7l _ 
\\a\J 96 16 

P 0/4 20 
+ -^Gn Pq r{l m nPqT ~ y^Y'^l- (6-12) 



and 



0/4 me 30/4 



= V m r/ 2+ + 9 m ln| 7 |77 2+ + 3i/— 7^- + -^K P (7 m " P - 145 m V>2- (6-13) 



= d m ln(^) 77 2+ + L—-Hw{-ym npq ~ 95 m n ^) m+ 



32 ' ' 32 

me 50/4 



.I7I/ 96 '^ ywm ' ' 16 

,0/4 20 

256 " wr ^ 3 

Let us first analyze the supersymmetry equations ( |6.12| , |6.14|) , (^6-^9) and the ones obtained from 



+ -^Gn Vq r{lm nmT ~ "^m V*^- ■ (6-14) 



them by (a, 7/1) — * (7,772), considering each irreducible SU(2) representation in turn. The decom- 
positions of all antisymmetric tensors in terms of irreducible SU(2) representations can be found in 
appendix O. One can show that the solution is equivalent to the following conditions: 
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The 1 



m = 

^t(r)~> /4 



(6.15) 



mb 



6 
4t 



m& 2 = ^e" 3 ^ 4 ^^ 
mfcs = , 



5i = 92 = 93 = , 



(6.16) 
(6.17) 



hi = h 2 = h s = , 



(6.18) 



— = ± — 
|a| |7| 

dif ( r- r ) =d^* ( ,— | 
a/ V a 



, 



(6.19) 



d K lnA = --^d K 4> 

d K cj) = d K *<j> ■ (6.20) 

The first line of ( 6,20) ) together with the second line of ( |6.15|) and the fact that W is constant, imply: 

1 



d K lnf = --d K (f) 
b 



(6.21) 



The 2 



mb lm = je- 3 ^ 4 dU 
mb 2m = -| e -3^5- , 



him — h2m — , 



51m — 92m — , 



(6.22) 

(6.23) 
(6.24) 
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a l — 

Cm I I I 

\a\ 



<9 m lnA = -—d m c, 



(6.25) 



The 3 



. 



(6.26) 



The relations derived so far imply A = constant x e - ^/ 12 , / = constant x e - ^/ 6 , as well as H = 0, 
G = fdVoli, where dVol^ is the volume element of Mi 3 in the warped metric. It then follows from 
the Bianchi identity Q2.5| ) for the G field that <j) = constant. 

To summarize the conditions so far: 



In addition, in form notation, 



a 
a 



A, 



m 
W 

2_ 

f 





6 V \a\ / 



a- 

constant . 



0/4 



(6.27) 



F = f - -fe~^ /2 K AK* 
6 

H = 

G = ,/Wo/ 4 • 



(6.28) 



Note that we have taken ( |2.6D and the fact that m = into account, and we have set mb mn = \ f mn . 

Next we turn to the equations (5.11, 37l3| ) . The fact that 77^2 are unimodular implies V (7/^771) = an d 
^(77^ 772) = which, taking ( 6.11J6.13 ) into account, can be seen to be equivalent to \a\, \^\ = constant. 
Together with ( |6.27 ) this implies 



a, 7 = constant 



(6.29) 



In addition, the orthogonality of 771,2 implies V(r]fr]2) = which, taking fl6,ll , S7[3| ) into account, leads 
to the condition 



/ = 0. 



(6.30) 



Taking ( |6.27| ) into account, this implies W = and Mi 3 reduces to Minkowski space 8 . Of course, this 
is contrary to our assumption of a (warped) AdS^ vacuum. We are therefore led to the conclusion 
that there are no N = 2 solutions of type IIA supergravity satisfying our requirements. 



3 It is not difficult to see that in addition the equations of motion impose / = and therefore all fluxes are zero. 
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A. Fierz identities 



Using definitions (4.1,4~2|) we find 



a & 



a 
a 

m-m- 



l(p_ (7 -l)a/3 + ij mn (p_ 7 mn C --l ; 



a/3 



1 

48 



ln* mnp (P_^ PC -i r 



and similarly for 772 <8> n 2, by replacing (J, Q) — > («/', f2'). Moreover for rji (g) 772 we have 

l -u* mn (p^™c- i r (3 

i 



a 



a 
V2-Vl- 



-^(P^C- 1 )^ 
o 



a 
Vl-V2- 



48 



where 



The latter is imaginary self-dual 



and obeys 



Qmnp — g \J P6 ^mnpgrs^ 



(IAoj = £IAuj*=0. 



As follows from ( |A2| ), the two globally defined spinors are related via 

1 



We also note the following relations, 



= (n + ) m n 7n 77-i. 



7mn1]l+ = iJmnVl+ + ^mnpYm- 



A useful formula following from (A£, A.7 ) is 



7 m r? 2 - = K* m m+ + -io mnl n m- ■ 



(A.l) 



(A.2) 
(A.3) 
(A.4) 
(A.5) 
(A.6) 



(A.7) 
(A.8) 
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B. SU(2) structure 



Here we give some further useful relations pertaining to the SU (2) structure. 
It follows from ( A.7| ) that 

o = (n + ) m n 7n 7 ?1 _ , (b.i) 



where 



and 



Note that 



(n ± ) m A; :— -{p-mk T iJmk) (B-2) 



Pmk ■= Pmk ~ 7j(K m Kl + K* n K k ) . (B.3) 



K m p mk = . (B.4) 

Some further useful identities are 

JmnJ k — Pmk 



UJ mn U! 



^mn^ 



-4(n+) m fc 
8(n+) [m *(n + v 



(n+) m fc = (n+) m fc - ^K m K* k . (b.5) 

C. SU(2) tensor decompositions 

In terms of the SU(2) structure, the form fields of IIA supergravity decompose as follows. 
Two-form 

B'mn = bmn + b [m K n] + b\ m K* n] + ib X K [m K* n] , (C.l) 

where 

K% m = K% = K*% = (C.2) 

and 

KtR^B'ij = -2ih . (C.3) 
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where h mn is complex and it is (1, 1) and traceless with respect to J mn . The scalars /ii,2,3 are complex. 
We have 

h\ = Lo mn h mn 
ri2 — lo n mn 

h 3 = J mn h mn . (C.14) 



Finally, 



where (II ) m n h2n = 0. We have 



h m = -^uj* m i h 2i - Jw^, (C.15) 



h>2i = uj m n h n . (C.16) 



Four-form 



where 



and 



Gmnpq — Qmnpq + 9[mnpKq] + 9* m np^q] + ^9[mnKpK*^ , (C17) 



K l gi m np — K 1 9imn — K*' 9i m n — K ' 9im — (C.18) 



1 i 

K Gi mn p = ——g mnp — —9[mn-Kp] 
K'K^Gijmn = - % -9mn ■ (C.19) 



Note that g mn p q , g mn are real whereas g mn p is complex. We can further decompose 
where the scalar g\ is real. We have 



3 ~ ~ 

gmnpq = 7;J[mnJpq]9li (C.20) 



91 = J mn J m grnnpq ■ (C.21) 

Moreover 

3 •„ 3 ■„ 

gmnp = -^j^[mn^* p ]9li ~ -^[mn^p] ''92i, (C.22) 



where (II ) m n gi n = {U + ) m n g 2n = 0. We have 

: u 

g 2m = uj*JJ k g ijk . (C.23) 



gim = UmLO*i k gijk 



Finally, 



9mn — 9mn + ^mn92 + ^mn92 + ^mn#3 , (C.24) 



where g mn is real and it is traceless with respect to J mn . The scalar g 2 is complex whereas #3 is real. 
We have 



gi — W g m n 



93 = J mn 9mn ■ (C25) 
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D. SU(2) supersymmetry reduction 

Using (|A.6| ) and the decompositions of section [C|, it follows that conditions ([0|, ^) can be cast in 
the form 

U mVl+ + U mn7 n m . = , (D.l) 



whereas conditions (6.6-3.9) can be written as 

V m+ + V ml m m - = , (D.2) 

for some U m , U mn , V, V m . The explicit expressions for the U's and V's can be readily read off from 
the following decompositions in terms of irreducible SU (2) representations: 

Two-form 

( 7m np B' np - UYB' mp ) m . = { - iK* m b% - 2ib 2m } m+ 

+ | (2&1 — 363) J mn — 14b mn — 2iJ m L bi n — -b 2 iO mn 

- -K m u n l b 2i ~ 2K* m u n % b* u + K n (2oj* m l b u + -uj m % 2i ) + iK n K*JJb x - -63)) 



2 

(D.3) 



and 



( 7m np ^ p - 14f B^ p )t»_ = {iK* m (Uh + 63) + 3< l 6 u + W&2i}r/i + 

+ I - 36 2 JJnn + (&1 + -&3)w mr i - Wrnhn ~ 7iuJ n l bi m 

- 3iK m b ln - 4iK^b* 2n - iK n b lm - % -b 2 K n K^ n r}x- (D.4) 

B' mn7 mn Vl+ = i(b 3 + 261)771+ + { - ib* 2m - l -b 2 K m } 7 m m . , (D.5) 
B' mnl mn m+ = ^771+ + [\u m % + iK m (±b 3 - &i)} 7 m r/i- ■ (D.6) 



Three-form 



H npq ( 7m npg -95 m n 7 P (1 )m+ = {- 3h lm + h* lm + 2iu m i h\ i + i<^ 2l - Uh 3 K m - 2ih* 3 K^} m+ 

r ~ ~ 3i ■— 9i ■— 

+ |3if m /i2n + K n h 2m — —KmLUnhli — — if n o; m ? /i^ + 2ih\K m K n + ih 2 K n K* m 

- 2h 2 J mn + ^a; mri - 2iio m j h* jn - 6iuj n j h* m }'y n r] 1 - , (D.7) 
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H npq ( lm npq -9S m n ^) V2+ = { ~ 2h* 2m + ju^h u - 4iK m h 2 - 2iK^hl} m+ 

( 3 ~ 3 ~ 3 ~ 3i — i — — 

+ l^^n^lm ~~ -^K n hi m — -K m hi n + — K m UJ n l h 2i — -^K n oj m l h* 2i - iK n U%?h 2 i 

- 2ih 3 K m K n - ih%K n K* m + 2h% J mn + 4iJ m j h* jn + oj mn h\ + 12^ n } 7 n ^_ (D.J 



and 



H mnp7 mn v m _ = -2ih 2m+ + {'-cojh*^ - - A h lm - ih 3 K m } 7 m m _ , (D.9) 



H mnp7 mnp m ^ = 2ih 3m+ + {jum'hli - h 2m - itnKn^m- . (D.io) 



Four-form 



■'rnn 



hm npqr G npqr - -jY qr G mpq r)vi- = {jK* m g* 2 - -^u* m % i }vi + 
f-/r 2 ^7 20i ~ *7 i~ i * 

- \K m gm ~ 2K* m r 2n + K n (±g lm - 2g 2m ) + K n K* m (^g 3 - ^ 9l )}j n m- , (D.ll) 

(7m nPqr G npqr - —J Pqr G mpqr )Tj2- = {- K^(3 gi + y 53 ) - 4£lm + g2m}vi+ 

(2i ~ .hi i o i~ 1° j~ 

+ ^ m w n ^2i + iK^coJgli - ^K n uj m %i + -g 2 K n K^j n m - (D.12) 

and 

G mnpql mnp i m+ = -(3 9l + 2g 3 ) m+ + {|u, m ^ + 9 2K m } 1 m r 11 . , (D.13) 

G m „ w7 m " P ^ 2+ = -2g* 2m+ + {\g* 2rn + K m (^ gi - g 3 )} 7 m Vl - . (D.14) 

Finally, a derivative (d m ) on X 6 will be decomposed as 

d m = d m + l -K m K* n d n + l -K m K n d n , (D.15) 

so that 

L K d = 0. (D.16) 
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